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Abstract 



i We show that in the dual version of the generahzed Dick model 

' monopole-anti-monopole pairs have finite energy. It is possible to use 

r"| ' the potential between monopole and anti-monopole to find the mass 

P^, spectrum of the glueballs. The results are discussed in connection 

QhI with the Faddeev-Niemi model and toroidal soliton solutions. Some 

^ ■ others finite energy configurations are found, both in the magnetic 

• • . and electric sector. 

X 

^ ; 1 The model 

Recently it was shown that the Dick model, in the version discussed in p|, 
can be used to model confinement of quarks (this version is slightly different 
from the original Dick model but there is a sector of the parameters for 
which the both models give the same results fl]]). Moreover, the confining 
potential becomes in agreement with the phenomenological data [Q, for 
the particular value of the parameter of the model. In that sense the modified 
Dick model is a good candidate for the effective model for the low energy 
QCD. However, such an effective model should describe not only quark- 
antiquark states but also glueballs. In the present paper a possible way of 
appearance of the glueballs in the framework of the modified Dick model 
is considered. It will occur that it is possible to look at the glueball states 
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as monopole-anti-monopole bounded pairs. However, these pairs are found 
not in the original modified Dick model but in its "dual" version i. e. in 
the model where confinement of the quark sources in the original theory 
is interchanged with confinement of magnetic monopoles. Due to that the 
glueballs and the scalar mesons appear to be connected by kind of "dual" 
transformation. Because of the fact that the interaction of the (non)-Abelian 
magnetic monopoles is not understood sufficiently one can find our model 
interesting also from the mathematical point of view. 
Let us consider the following action 



S 



d X 
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where 5 > | and A is a dimensional constant. Indeed one can recognize in 
this action the dual version of the modified Dick model IH], with the following 
generalized "dual" transformation 
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The dual field tensor is defined in the standard way as *F^j^ 



(2) 

2 P'^ ■ 



The "duality" is equivalent to 6 — > —6 that means the interchanging of 
the strong coupling with weak coupling sector. 
The fields equations for (|I]) read 



-85 



pa^v 



(3) 



9,. 



(4) 



where j"^ is the external colour current density. 



2 Magnetic solutions 



Let us consider more detailed the Abelian magnetic sector. For example one 
can choose 

Al = 51A^,, where = 0, A, = A,{x, y, z). (5) 

Static Abelian monopole solutions can be obtained by means of the Bogo- 
molny equations. Let us rewrite the energy of a static configuration as 

/ , \ -85 



E 



N 



(TX 



A 



(6) 
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The corresponding Bogomolny equation is 

Fij ^ [jj ^ijkdk(t>- (7) 

It is easy to show that this field tensor fulfills the Gauss law automatically. 
Moreover, the equation of motion of the scalar field takes the same form as 
the Bianchi identity, namely 

^(rV)' + 450-^(0')' = 0. (8) 
One can find the singular solutions in the following form 

<t>{r) - AK (-) , (9) 

where A — [5(1 + 45)] 1+45 and g is the charge of the monopole. Then the 
field tensor reads 

Fij = -geijk^. (10) 

Of course, these Abelian monopoles are the well known Dirac monopoles with 
the string attached to them. For these configurations of the fields we get the 
energy density 

Indeed, the energy is divergent at large distance that is at r ^ 00. One 
can observe that the energy density has singularity also at r = but this 
singularity is integrablc. Wc conclude that single monopoles disappear from 
the physical spectrum of the theory. 

The dual Dick model has also nonsingular magnetic monopoles labeled by 
positive parameter (3q 

I \ 1 \ ^ 



The energy density reads 



8.; 



These configurations give finite energy 

45 + 1 . .„44;4 



/£r^dr = A^^-V/3o^- (14) 



Fn 
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However, as it was shown in the finite energy monopole sector can be 
removed by adding a potential term for the scalar field. It is easy to check 
that this potential can have the following form 



4+85 



(15) 



Vanishing of the monopoles from the phisycal spectrum is not sufficient to 
claim that confinement appears. It has to be checked weather a dipole-like 
state has a finite energy. We assume that monopole and anti-monopole lay 
on the z-axis in the distance j from the origin. Then the equations of motion 



take form: 



V X 
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B 



(16) 



(17) 
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-B' = 0. 



We applied the Ansatze (|^) and the magnetic field is given by 

B = V X A. 



(19) 



Of course, due to the r.h.s. of (|T^) the field A cannot be regular every- 
where i.e. the Dirac string is still present. In order to solve the remaining 
two equations we adopt the procedure presented in the papers 0, |T^, |]1[. 
Firstly, we introduce the cylindrical coordinates (p, 0, z), which are natural 
in our problem. Secondly, we express the vector gauge potential by means of 
a scalar fiux field $(p, z) in the following way 



A 



2-Kp 
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(20) 



Using this expression we obtain from (|17D and (|T8D the equations for the 
scalar fields 

'l 



0, 




(21) 



(22) 
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To solve these equations one should find the boundary conditions. This can 
be done if we realize that in the monopole-anti-monopole case, the Dirac 
string has finite size and connects the monopoles. It is equivalent to 

$ = for p = 0, 1^1 > I 

$ = ^ for p = 0, 1^1 < 1 (23) 
$ — > for p2 + — > oo 

where the last condition emerges due to the expectation that energy density 
has to fall down to zero at the spatial infinity. It is obvious that the equations 
(prp, ( P^ are too complicated to find analytical solutions. However, it is 
possible to construct an approximated solution which obeys the boundary 
conditions and has finite energy: 

^ = g\ ^ - ^ ] , (24) 

V + (^ + f)^ v/p^ + (^-f)V 

/ \TTIs I \Tqb 

= — , - — , . (25) 

Although these functions do not obey the field equations one can used them 
to find the upper bound for the total field energy 0. We get 

Epair = P9^MAR)^. (26) 

where /3 is a finite numerical constant. As it was said before, the quark- 
anti-quark potential derived from the modified Dick model with 5 = 3/4 
can be applied to obtain the spectrum of masses in the quarkonium system. 
The masses, for many different effective potentials, were obtained using the 
Klein- Gordon equation 0. It seems reasonable to expect that the masses 
of glueballs can be also find in the similar 'effective potential' model. Now, 
the effective potential is a potential between monopole and anti-monopole 
in the dual version of the original model (p6|). So one can apply the Klein- 
Gordon equation and find the masses M„ of the glueball states. Actually, 
the effective potential idea in the glueball physics has been recently very 
successfully exploited For example, it was shown by West that the 
lightest glueball 0"''+ can be understood as a bound state of the massless 
gluons with the potential: 

9 a 

Uwest = -cTR--, (27) 
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where a is the string tension and a is the strong couphng constant. One can 
immediately see that our model admits the confining part of the West poten- 
tial in the limit 6 — > oo. This limit is equivalent, in the original modified 
Dick model, to the well known string picture of the quarks confinement 
0]. Very similar results were also obtained for the Dual Ginzburg-Landau 
model ig, ini. 



The non-Abelian magnetic monopoles can be obtained if we take into ac- 
count all non-Abelian degrees of freedom in the magnetic sector. In fact, 
there is the Wu-Yang non-Abalian monopole 

k 

A\ = ea^''—, AS = 0, (28) 

/I 1 \ TT« 

where C = (1 + 45)1+^^. The Dirac string is no longer present. The point-like 
singularity which we observe in the gauge potential is integrable at the energy 
density level. Moreover, identical as in the Abelian case, the total energy, for 
/?o = C)0, is infinite due to the fact that the energy density falls too slowly in 
the spatial infinity. One can check that the energy of the non-Abelian dipole 
is finite. So, the confining behaviour is visible also in the non-Abelian theory. 
The approximated monopole-anti-monopole solution reads 



k , k 
X + Xq 



x"^ + + {z + R/2y 

(30) 



k k 



x'' + y^ + {z- R/2y 



Here Xq = (0, 0, -^) is the position one of the monopoles. The scalar fuction 
has the form (|25|) . 



3 Electric solutions 

In order to have the general picture of the physics in the dual modified Dick 
model we discuss the Coulomb problem. For simplicity we restrict ourselves 
to the static non-Abelian source 

ff' = 47rg5(r)5=^'^5'^°. (31) 
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The field equations take the form: 

- qS{r). (32) 



^r<t> = ^''^'^V^. (33) 

Here = and E"- — E5^""r. The solutions of these equations form 

the family parameterized by (5q: 

where B = [?(1 — 45)] The energy for the family is finite and has the 
form: 

EN = A^-^q'B''pr'- (36) 
4o + 1 

Similar to the magnetic sector there is a singular solution of the Coulomb 
problem which is divergent at the spatial infinity 

'l>ir)=l3A(^-^)"^ , (37) 

2 

E{r) = (^) ■ (38) 

However, in that case the singularity is strong enough to remove also quark- 
anti-quark solution from physical spectrum i.e. the energy of such configu- 
rations is still infinite. 
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4 Conclusions 

In our work we have pointed out the model which admits the bounded 
monopole-anti-monopole states, whereas the single monopole solution has 
infinit energy. Such objects we call magnetic mesons. We assume that these 
mesons can be interpreted as glueballs. The potential between monopole and 
anti-monopole can be used to find the mass spectrum of the glueballs. In the 
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limit 5 — > oo we reconstruct the confining part of tlie famous West poten- 
tial. This result is in agreement with the standard superconductor picture 
where the monopole potential grows linearly [^. Moreover, in our picture, 



glueballs appear to be "dual" objects to scalar mesons. That is quark-anti- 
quark states and glueballs can be described by means of actions which are 
connected by very simple "dual" transformation (|]). We believe that this 
property is not unique and should be observed in other models which are 
used to model quarks confinement. For example, it should be possible to 
find the transformation which interchanges the quarks confining sector with 
the magnetic monopoles confining sector in the Pagels-Tomboulis effective 
model PI, HI. 

Recently it was observed by Faddeev and Niemi |T^, inspired by Cho |T3 



that at low energies the appropriate order parameter is an unit length vec- 
tor field 77,", a = 1,2, 3. For the pure SU(2) Yang-Mills theory they have 
proposed the effective action 



Sfn = d X 



e2 



(39) 



where m is a mass parameter and e is a coupling constant. This action has 
nontrivial topology. Namely, localized static solutions where n — > uq for 
r — > oo can be understood as a map from to S'^. These maps are divided 
into homotopy classes 773(6'^) Z numbered by the Hopf invariant. Such 
knotted solutions were found for several topological numbers [ITBI. One can 



identify them with so called magnetic glueballs [jT^ which are supposed to 



form physical spectrum of the gauge theory in the low energy limit. More- 



over, as it was mentioned in |T^, the knotted solitons have neither baryonic 
nor monopoles charges. Following that we expect that it is possible to inter- 
pret knots as bound states consisting of monopole-anti-monopole pairs. One 
can suppose that Faddeev-Niemi model and the dual version of the modified 
Dick model refer to the same physics seen from non-topological or topological 
point of view respectively. Then the magnetic glueball is a topological object 
in Faddeev-Niemi theory, with appropriate Hopf number or a non-topological 
soliton in the dual modified Dick model. Unfortunately, we do not know how 
the models correspond to each other. However, as it was shown in 0] it is 
possible to obtain the glueball 0"'""'" in the toroidal as well as in the effective 
potential framework in the dual Ginzburg-Landau model. Because of that 
one can try to find the potential representation of the Faddeev-Niemi model 
and fit our parameter 5 to it. 

The both problems i.e. the glueballs spectrum as well as the connection 
between the Faddeev-Niemi and our model will be considered in the next 
papers. 
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